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Recent results in the characterization of spatial networks
Marc Barthelemy

Understanding the structure and the evolution of spatial networks is crucial for many different fields
ranging from urbanism to epidemiology. An important consequence of space on networks is that
there is a cost associated to the length of edges which in turn has dramatic effects on their
topological structure. Another consequence of spatial constraints is that most standard measures
for complex networks are irrelevant for this class of graphs and I will review here some of the most
interesting and promising measures for characterizing these graphs and their time evolution. In
particular, I will illustrate on various real-world examples the spatial distribution of the betweenness
centrality and review some attempts to construct a typology of random planar graphs.

Simplicial complexes and emergent network geometry
Ginestra Bianconi

Simplicial complexes are generalized network structures able to encode interactions occurring
between more than two nodes. Simplicial complexes describe a large variety of complex
interacting systems ranging from brain networks, to social and collaboration networks. Additionally,
simplicial complexes have a geometrical interpretation and for this reasons they have been widely
used in quantum gravity. Simplicial complexes are the ideal structures to characterize emergent
network geometry [1-3] in which geometrical properties of the networks emerge spontaneously
from their dynamics. Here we propose a general model for growing simplicial complexes called
network geometry with flavor (NGF) [4]. This model deepens our understanding of growing
complex networks and reveals the important effect that the dimensionality of growing simplicial
complexes have on their evolution. The NGF can generate discrete geometries of different nature,
ranging from chains and higher dimensional manifolds to scale-free networks with small-world
properties, scale-free degree distribution and non-trivial community structure. We find that, for NGF
with dimension greater than one, scale-free topologies emerge also without including an explicit
preferential attachment because an efficient preferential attachment mechanism naturally emerges
from the dynamical rules. Interestingly, the NGF with fitness of the nodes reveals relevant relations
with quantum statistics. In fact, the faces of the NGF have generalized degrees that follow either
the Fermi-Dirac, Boltzmann or Bose-Einstein statistics depending on their flavor and on their
dimensionality. Specifically, NGFs with flavor s=-1, when constructed in dimension d=3 gluing
tetrahedra along their triangular faces, have the generalized degrees of the triangular faces, of the
links, and of the nodes following respectively the Fermi-Dirac, the Boltzmann or the Bose-Einstein
distribution.
We will characterize the emergent geometry of NGF as hyperbolic [5] and describe its properties in
any dimension.
[1] G. Bianconi, Interdisciplinary and physics challenges in network theory, EPL 111, 56001 (2015).
[2] Z. Wu, G. Menichetti, C. Rahmede and G. Bianconi, Emergent Complex Network Geometry,
Scientific Reports 5, 10073 (2015).
[3] G. Bianconi and C. Rahmede, Complex Quantum Network Manifolds are Scale-Free in d>2,
Scientific Reports 5, 13979 (2015).
[4] G. Bianconi and C. Rahmede, Network geometry with flavor: from complexity to quantum
geometry, Physical Review E 93, 032315 (2016).
[5] G. Bianconi and C. Rahmede, Emergent hyperbolic network geometry, Scientific Reports 7,
41974 (2017).
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Random geometric graphs as models of complex networks
Dmitri Krioukov

A reasonable model of real networks must satisfy a collection of basic requirements to be of any
practical utility, e.g., to have any reliable predicative power. Naturally, such models should
reproduce basic structural and dynamical properties of real networks, yet they must also satisfy
basic/common-sense statistical requirements, the most basic of which are unbiasedness,
exchangeability, and projectivity.
Different ensembles of random geometric graphs in non-Euclidean spaces have recently been
shown to satisfy different subsets of these requirements. In particular, the zero-clustering limit of
random geometric graphs in hyperbolic spaces is the hypersoft configuration model (HSCM), which
is an exchangeable and projective unbiased (maximum-entropy) model of random graphs with a
given power-law degree distribution. Another limit of random hyperbolic graphs is the (soft) random
geometric graphs on the real line, which are equivalent to exchangeable and projective unbiased
random graphs with expected degree and clustering of every node fixed to constants. Yet sparse
random hyperbolic graphs outside of any of these two limits are not projective for any combination
of the parameters. On the other hand, random graphs in any Lorentzian manifold are manifestly
exchangeable and projective, have non-zero clustering, and if the manifold is de Sitter, they also
have a power-law degree distribution, yet it is unknown if these graphs are unbiased, i.e., satisfy
the maximum-entropy requirement.
We will review a collection of these and other random (geometric) graph models in the context of
the exchangeability, projectivity, and maximum-entropy requirements.

Essential nodes and keystone species in the brain and ecosystems
Hernán A. Makse

Global integration of information in the brain results from complex interactions of segregated brain
networks. Identifying the most influential neuronal populations that efficiently bind these networks
is a fundamental problem in neuroscience. Here we apply network theory and pharmacogenetic
interventions {\em in-vivo} to predict and target the nodes responsible for global integration in a
model of learning and memory. Mathematically, we find the set of influential nodes by optimizing
the damage to the giant connected component with systematic inactivation of nodes. We find that
the integration of the brain network is mediated by a set of weak nodes through optimization of
influence in optimal percolation. Pharmacogenetic inhibitions confirm the theoretical predictions.
We discuss the relevance of these influencers to ecological and financial systems dominated by
abrupt first order tipping points.
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Latent geometry of multilayer networks
Fragkiskos Papadopoulos

The latent (or hidden) geometry paradigm has been successfully applied during the past few years
to single-layer systems, and has offered practical solutions to significant challenges in network
science. These include efficient network navigation, community detection and link prediction in
social, technological and biological systems. In this talk we will present the latest advances
towards extending this paradigm to multilayer systems, which are collections of single-layer
networks exhibiting structural and functional interrelations or dependencies (e.g., IPv4 and IPv6
Internet, structural and functional brain networks, networks of different kinds of social interactions,
etc.). We will start by presenting a geometric framework for constructing synthetic multiplexes
whose single-layer topologies are embedded in hyperbolic spaces, and where the coordinates of
nodes in the different spaces are correlated. We will then introduce the concept of targeted
multilayer navigation, where nodes forward incoming messages to their neighbors that are
hyperbolically closest to the destination in any of the layers comprising the multiplex. We will
consider the performance of this process as a function of the coordinate correlation strengths and
show that it is maximized for intermediate correlations. Finally, we will consider hyperbolic
embeddings of real multiplexes, where the single-layers have been embedded independently, and
show that these embeddings can be used for detecting multidimensional communities, performing
accurate trans-layer link prediction, and facilitating efficient multilayer navigation. We will conclude
with open research questions related to generalizing the geometric framework to general
interdependent systems, and deriving efficient embedding methods that can jointly (and not
independently) map single-layers to hyperbolic spaces.

Persistent homology of spatial networks
Mason Porter

I will give an introduction to persistent homology, a type of topological data analysis, and I will
discuss its application to spatial networks. My examples will include contagion dynamics on
networks, voting networks, and particulate networks.

TBA
Alessandro Vespignani

TBA
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GAPI: A web tool for the Geometric Analysis of the human Protein
Interactome
Gregorio Alanis-Lobato⇤,1 , Pablo Mier1 , and Miguel A. Andrade-Navarro1
1

Faculty of Biology, Johannes Gutenberg Universität, Institute of Molecular Biology, Ackermannweg 4, 55128 Mainz, Germany
Keywords: protein interactions, hyperbolic geometry, network embedding

Accurate models of biological systems are crucial for understanding how individual molecules act in concert
and impact phenotypes. One such a system is the human protein interaction network (hPIN), whose structure
has been shown to be disturbed in cancers and rare diseases 1 . Interestingly, it has been proposed that there
is a hidden metric space underlying the network representation of complex systems 2,3 . If the geometry of this
space is hyperbolic, it is possible to accurately describe the formation and dynamics of real networks, like the
Internet 4 or the international trade system 5 . Could mapping of the hPIN to hyperbolic space ease challenging
tasks in systems biology by allowing us to approach them from a geometric perspective?
To answer this question, we constructed a high-quality hPIN 6 , estimated an age for each of its proteins 7
and classified them according to their reported molecular function 8–12 . Then, we embedded this network to
the two-dimensional hyperbolic plane (H2 ) using an approach that combines manifold learning and maximum
likelihood estimation 13 .
We found that the latent geometry of the hPIN encodes relevant biological information: the angular positioning of proteins reflects the functional organisation of the cell (Fig. 1a) and proteins that appeared early in
evolution (cellular organisms) tend to be close to the centre of H2 , whereas primate-specific proteins lay on its
periphery (Fig. 1b).
To bring this information and visual representation of the hPIN closer to biologists, we developed GAPI, a
web tool for the Geometric Analysis of the human Protein Interactome (http://cbdm-01.zdv.uni-mainz.de/
2
~galanisl/gapi). With GAPI, users can relate the position of proteins of interest in H with that of age or
functional clusters. In addition, it is possible to simulate the transduction of signals between any two proteins
by means of a greedy routing process, in which protein coordinates are used as addresses to move a signal from
source to target using local information only 14 .
We anticipate that GAPI will be a valuable tool for researches, as the visual representation of proteins in a
functional and evolutionary context, together with the exploration of how signalling cascades can be triggered,
might lead to plausible hypothesis that could be readily tested in the lab.

Figure 1:

(a) Proteins with specific molecular functions cluster together in the angular dimension of H2 . (b) Inferred radial coordinates
agree with protein age estimates.
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The effective navigable geometry of the brain
Antoine Allard,1 and M. Ángeles Serrano2,3,4
1.
2.
3.
4.

Centre de Recerca Matemàtica, Bellaterra (Barcelona), Spain
Departament de Fı́sica de la Matèria Condensada, Universitat de Barcelona, Barcelona, Spain
Universitat de Barcelona Institute of Complex Systems (UBICS), Barcelona, Spain
Institució Catalana de Recerca i Estudis Avançats (ICREA), Barcelona, Spain

Contrary to many abstract or virtual networks, brains are spatially embedded networks whose architecture has been shaped by physical constraints throughout evolution [1]. Greedy routing is a
conceptually simple routing protocol in which nodes forward a message to their closest neighbor to
a given target node. Its success rate—the probability that a greedy path eventually reaches a target
node—quantifies the congruency between topological shortest paths and geometrical geodesics.
By comparing the results obtained for several connectomes for which the spatial positions of nodes
are available, we show that evolution tends to pressure the brain toward a topological organization
that is congruent with the Euclidean embedding space in which it has evolved. We also show
that the success rate of greedy routing can be brought near to 100% when replacing the “natural” Euclidean embedding with a hyperbolic one. Because distances in the hyperbolic embedding
consist of a combination of a similarity distance between vertices and their respective degree [2],
this observation highlights the significant role played by degrees in the existence of connections,
alongside the already acknowledged role of Euclidean distances [3]. This nearly optimal spatial
congruency suggests the existence of universal principles that shape the networked organization
of brains independently of the complexity of the organisms. On a more practical perspective, our
results also suggest that hyperbolic embeddings offer a universal and meaningful representation to
compare brain networks.
[1] M. Ercsey-Ravasz et al. Neuron 80:184 (2013)
[2] M. Á. Serrano et al. PRL 100:078701 (2008); M. Boguñá et al. Nat. Commun. 1:62 (2010)
[3] N. T, Markov et al. Proc. Natl. Acad. Sci. USA 110:51875192 (2013)
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Figure 1: Success rate of GR for several publicly available connectomes in two embedding spaces.
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Embedding Networks into the Hyperbolic Plane
Thomas Bläsius, Tobias Friedrich, Maximilian Katzmann, Anton Krohmer
Hasso Plattner Institute, Potsdam, Germany
firstname.lastname@hpi.de
Keywords: hyperbolic space, maximum likelihood embedding, greedy routing
Network embeddings that map vertices to geometric positions have numerous applications
ranging from approximating the network’s metric, over routing strategies based on the geometric coordinates to visualizations that reveal a hidden underlying geometry. We are particularly
interested in embedding scale-free networks whose distinctive feature is a heterogeneous degree
distribution (i.e., there are many low-degree vertices and few of high degree). Additionally, such
networks are typically sparse, have a small diameter and a high clustering coefficient (indicating
an underlying geometry). Working on embedding algorithms for scale-free networks taught us two
major lessons, which we discuss more closely by considering two specific applications.
• Di↵erent applications require embeddings with di↵erent properties. Thus, embedding algorithms should be tailored towards specific applications.
• Hyperbolic geometry is better suited than Euclidean geometry. Independent of the application, the main reason for this is the exponential expansion of the hyperbolic plane: a disk
with radius r has area 4⇡ sinh2 (r/2) 2 O(er ) (compared to O(r2 ) in the Euclidean plane).
Revealing an Underlying Geometry. Assume a given network has an underlying geometry
in which geometrically close vertices are more likely to be connected. A maximum likelihood
embedding aims to reveal this hidden geometric information by placing adjacent vertices close to
each other and non-adjacent vertices far apart. Such embeddings are typically visually appealing,
which makes them well suited for visualization purposes.
To see why hyperbolic geometry is well suited for maximum likelihood embeddings of scale-free
networks, consider the extreme case of a graph with heterogeneous degree distribution: the star
Sn with one central vertex connected to n leaves. If each edge should have length at most r,
then all leaves have to be positioned within a disk of radius r around the central vertex. In the
Euclidean plane, this inevitably leads to leaves that are close to each other (for sufficiently large
n), contradicting the premise that non-adjacent vertices should be far apart. In the hyperbolic
plane, however, the exponential expansion makes it possible to place the leaves such that they are
all close to the central vertex while having large pairwise distance.
In the literature, there are multiple algorithms generating hyperbolic maximum likelihood embeddings. With our embedding algorithm [2] we were able to significantly improve the run time,
leading to the first maximum likelihood embedder that allows for large-scale experiments. Beyond
visualization purposes, maximum likelihood embeddings have been used for greedy routing. Our
experiments, however, show that even a perfect maximum likelihood embedding is not great for
greedy routing. Thus, this di↵erent application requires a di↵erent algorithm tailored towards it.
Greedy Routing. Greedy routing computes paths between nodes in a network by successively
moving to the neighbor closest to the target with respect to coordinates given by an embedding. In
their seminal work Boguñá, Papadopoulos, and Krioukov showed that the Internet has a hyperbolic
embedding that is well suited for greedy routing. They achieve a success ratio of 97% (i.e., for 97%
of all vertex pairs, greedy routing finds a path without getting stuck in a dead end) and a stretch
of 10% (i.e., the resulting paths are on average 10% longer than the shortest paths).
Why hyperbolic geometry is well suited for greedy embeddings can again be explained with Sn :
Greedy routing from one leaf to another is successful if the central vertex is closer to the leaves
then the leaves to each other. As argued above, this is impossible to achieve for every pair of leaves
in Euclidean geometry, while the exponential expansion makes it possible in the hyperbolic plane.
Our embedding algorithm tailored towards greedy routing guarantees 100% success ratio and
minimizes the stretch heuristically [1]. For the above-mentioned Internet graph, our algorithm
generates an embedding with 100% success ratio and 6% stretch.
[1] Thomas Bläsius, Tobias Friedrich, Maximilian Katzmann, and Anton Krohmer. Hyperbolic embeddings
for near-optimal greedy routing. https://hpi.de/friedrich/docs/paper/NearOptimalGreedy.pdf.
[2] Thomas Bläsius, Tobias Friedrich, Anton Krohmer, and Sören Laue. Efficient embedding of scale-free
graphs in the hyperbolic plane. In ESA 2016, pages 16:1–16:18, 2016.
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The 'dramatic' impact of local-topology self-organization and latent geometry on link
prediction in complex networks
{The related article is under revision on the Journal of complex networks. Hopefully should
be published soon}
Alessandro Muscoloni and Carlo Vittorio Cannistraci
Biomedical Cybernetics group, Technical University Dresden, Germany
Methods for topological link prediction are generally referred as global or local. The former
exploits the entire network topology, the latter adopts only the immediate neighbourhood of the
link to predict. Global methods, although slower, are ‘believed’ to be the best performing. But,
is this common belief well-founded?
Stochastic-Block-Model (SBM), which is global-based, is considered one of the best
approaches for link prediction and is adopted as baseline for comparison when new methods
are proposed. We made the widest analysis at the moment published on real networks and latentgeometry-based synthetic networks for evaluation of link prediction performance. Surprisingly,
our results seem to suggest that SBM, whose computational time is exceptionally high, cannot
in general overcome the Cannistraci-Hebb model (CH), which is a simple brain-bioinspired
local-learning-rule of topological self-organization proved by multiple sources as the current
best local-based and parameter-free deterministic rule for link prediction. After analysing the
results of extensive tests, we recommend Structural-Perturbation-Method (SPM) as the new
best global method baseline. However, even SPM overall does not outperform CH and in
several evaluation frameworks we astonishingly found the opposite. In particular, CH was the
best predictor for synthetic networks generated, both in presence and absence of community,
with the Popularity-Similarity Optimization model, and its performance in PSO networks with
community structure was even better than using the original internode-hyperbolic-distance as
link predictor. Interestingly, when tested on non-hyperbolic synthetic networks the performance
of CH significantly dropped down indicating that this active-matter-based rule of network selforganization could be strongly associated to the rise of hyperbolic geometry in complex
networks.
Hence, we warn the scientific community: the superiority of global methods in link prediction
seems a ‘misleading belief’ and seems caused by a latent-geometry-bias of the few smallnetworks previously used as benchmark. Consequently, we urge the need to build a latent
geometry theory of link prediction in complex networks.
To conclude, this study promotes the power of bioinspired computing, because a simple
bioinspired-rule like CH - emulating principles of local self-organization and adaptiveness that
arise during learning in a living intelligent system (the brain) - can equiperform, and sometimes
outperform, advanced learning-machines that exploit the global-network information.
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To vaccinate or not to vaccinate? A coevolutionary dilemma
Kanchan Mopari, Alessio Cardillo, Paolo De Los Rios, Alex Arenas, and Jesús Gómez-Gardeñes
Vaccination is considered the most efficient way to prevent the spreading of an infectious disease; and,
through the years, public health stakeholders have fostered the adoption of proactive vaccination attitudes [1].
Despite such tremendous e↵orts, we are witnessing the emergence of growing antivaccination movements in
most of the more economically developed countries.
The voluntary decision of getting vaccinated can be thought as an act of cooperation because it requires to
pay some costs while providing benefits for the whole population. On the other hand, free-riders decide to do
not pay the cost and assume the risk of getting exposed to the infection. However, if all the members of the
population except one vaccinate, we end up in a situation in which the free-rider benefits of herd immunization
e↵ects; thus placing himself in a position of advantage with respect to the rest of the population. Such fact give
rise to a social dilemma that can be studied within the framework of evolutionary game theory. The emergence
of cooperation as well as the spreading of a disease, in populations where interactions are encoded by complex
networks, have been studied for years separately. However, a coevolutionary approach where the two dynamical
processes influence each other provides a better description of the vaccination issue than studying it using the
two dynamics independently.
Following the previous work of Cardillo et al. [2], we present a coevolutionary vaccination model to mimic
the adoption of vaccine in the case of an influenza-like disease. In particular, the agents decide whether
getting vaccinated for the next season, or not, according to the experience they – and their neighbours – have
accumulated in the previous one. Such experience is based on the dynamical outcome of a spreading process
based on the SEIR compartmental model. Assuming that the contexts through which the decision and the
spreading take place are not the same, we decide to reproduce the structure of interactions by means of a
multiplex network ; where each layer is associated to a single dynamical process. More specifically, we consider
a duplex network (i.e. a multiplex made only by two layers) where the spreading takes place on a Random
Geometric Graph (RGG) to account for face-to-face contact interactions; while, instead, the evolutionary game
takes place on a Barabási Albert Scale-Free (SF) network to mimic social interactions. Finally, to account for
the existence of people strongly adverse to vaccination, whose decision cannot be altered even in presence of
compelling evidence, we introduce a fraction Z of zealots agents and study the response of the system to the
presence of such individuals.
The overall performances of the system can be characterized macroscopically in terms of the total cost, ⇢,
which is equal to the total vaccination cost, CV , plus the total recovery one CR . The other control parameters
are: the strength/probability of the infection , the quality of the vaccine , and the cost of the vaccine c
(estimating not only economical aspects but also others like: side e↵ects). In Fig. 1, we display the overall
performances of our system in the stationary state (see Figure caption). The analysis of the performances
reveals us some intriguing features. The first one is that when the fraction of zealots exceeds a given threshold
(maintaining fixed all the other parameters) the system falls abruptly into the bad performance region, denoting
the existence of a tolerable amount of zealots. The second is that if the quality of the vaccine is high, even
when the disease becomes very infective (top right panel) the system remains in the optimal performance region
regardless the increase in cost (dark orange points). The third is that cheaper vaccine costs promote more the
emergence of vaccination behavior, irrespectively from the values assumed by the other parameters.
The implications of this study can be used to trace guidelines for the design of sensitization campaigns to
bolster pro-vaccination behaviors [3].
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Figure 1: Overall performances of the coevolutionary dynamics for a RGG-SF duplex network, as a function
of average total recovery cost hCR i, and the total vaccination one hCV i. The top row accounts for the perfect
vaccine case (i.e. = 0), while the bottom accounts for an imperfect one ( = 0.12 , 2 [0, 1]). The columns
refer to di↵erent strength of the epidemic, 2 [0, 1], corresponding to the absence (left), onset (center), and
presence of an epidemic outbreak. The symbols refers to di↵erent amounts of zealots in the population, Z, and
their colors account for the cost of the vaccine, c 2 [0.1, 2.0], spanning from high values (dark orange) to low
ones (dark blue). The background color shades describe the isosamples of equal total cost, ⇢, with blue (red)
corresponding to the best (worst) possible performance scenario (bottom left/top right corner of the panel).

References
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[2] Cardillo A., Reyes-Suárez C., Naranjo F., & Gómez-Gardeñes J., “Evolutionary vaccination dilemma in
complex networks”. Physical Review E 88, 032803 (2013).
[3] Horne Z., Powell D., Hummel J. E., & Holyoak K. J. “Countering antivaccination attitudes”. Proc. Natl.
Acad. Sci. USA 112, 10321 (2015).
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Topological determinants of complex networks spectral properties: structural and dynamical effects
Claudio Castellano1 and Romualdo Pastor-Satorras2
2

1
Istituto dei Sistemi Complessi (ISC-CNR), Via dei Taurini 19, I-00185 Roma, Italy
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The spectral properties of complex topologies play a crucial
role in our understanding of the structure and function of real
networked systems. Particular interest is placed on the study
of the adjacency matrix principal eigenvector {fi } (PEV), defined as the eigenvector of the adjacency matrix with the largest
eigenvalue ⇤M (LEV). This interest is twofold. On the one
hand, the PEV is one of the fundamental measures of node
importance or centrality. On the other hand, the LEV plays
a pivotal role in the behavior of many dynamical systems on
complex networks, such as epidemic spreading, synchronization of weakly coupled oscillators, the dynamics of excitable
elements and others. In this kind of dynamical processes, the
LEV is related, through different analytical techniques, to the
critical point at which a transition between different phases
takes place: In terms of some generic control parameter , a
critical point c is found to be in general inversely proportional
to the LEV ⇤M .
The possibility to know the position of such transition points
in terms of simple network topological properties is of great
importance, as it allows to predict the system macroscopic
behavior or optimize the network to control processes on it. In
their seminal work [1], Chung, Lu and Vu (CLV) have rigorously proven, for a model with power-law degree distribution,
that the LEV can be expressed in terms of the maximum degree
qmax present in the network and the first two moments of the

degree distribution as
⌦ ↵
p
⇤M ⇡ max{ qmax , q 2 / hqi}.

(1)

We show that while the CLV theory provides in some cases
an excellent approximation to the LEV, specially in the case of
random uncorrelated networks, it can fail considerably in other
cases (see Figure 1a). In order to provide better estimates, we
reinterpret the CLV result in terms of the competition among
different subgraphs in the networks. This insight leads us to
the formulation of a modified form of the CLV theory
p
⇤M ⇡ max( qmax , hqiKM ),
(2)
where hqiKM is the average degree of the maximum K-core,
of index KM , i.e. the most densely interconnected network
subset, identified by the K-core decomposition. This formula
captures the behavior of the LEV more generally, including the
case of real correlated networks, and reduces to the CLV form
in the case of random uncorrelated networks. We show that our
generalized expression perfectly predicts the LEV for linear
preferential attachment growing networks (for which the original CLV form fails) and provides an excellent approximation
for the LEV of real-world networks (see Figure 1b). Finally,
we show that our modified expression reliably predicts the
critical point of dynamical processes on a large set of synthetic
and real-world networks, with no exception.

[1] F. Chung, L. Lu, and V. Vu, Proc. Natl. Acad. Sci. USA 100, 6313 (2003)
.
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Figure 1. (a) Largest eigenvalue ⇤M as a function of max{ qmax , q 2 / hqi} computed for 31 different real-world networks. (b) Largest
p
eigenvalue ⇤M as a function of max{ qmax , hqiKM } computed for the same real-world networks. Networks are ordered by increasing network
size.
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Complex network view of evolving manifolds
Diamantino C. da Silva,1 Ginestra Bianconi,2 Rui A. da Costa,1
Sergey N. Dorogovtsev,1, 3 and José F. F. Mendes1
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We describre complex networks formed by triangulations and higher-dimensional simplicial complexes of closed evolving manifolds. In particular, for triangulations, the set of
possible transformations (so called triangle mesh operations) of these networks is restricted
by the condition that at each step, all the faces must be triangles. We show that each of
these operations can be performed in a sequence of steps, in which a single elementary transformation is applied in di↵erent order. Stochastic application of these operations leads to
random networks with di↵erent architectures, in which a vertex degree is directly related to
the curvature at this point. We develop a theory of these evolving networks, perform extensive numerical simulations, and explore the geometries of growing and equilibrium complex
networks generated by these transformations and their local structural properties. This characterisation includes the Hausdor↵ and spectral dimensions of the resulting networks, their
degree distributions, and various structural correlations.
Our results reveal a rich zoo of architectures and geometries of these networks, some
of which appear to be small worlds while others are finite-dimensional with a Hausdor↵
dimension equal or higher than the original dimensionality of a simplicial complex. Our
models include manifolds with evolving topologies, for example, manifolds homeomorphic to
a n-holed torus with progressively growing number of holes. Such networks can be treated
as a toy model of an evolving universe in which emerging wormholes connect locations with
a high space curvature.
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Using Gromov-Wasserstein distances to compute how far are two graphs
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Relations between data are often presented as graphs or networks. When a complex system is naturally described as a set
of networks, as for example in studying the metabolic graphs
of a set of related species or following the evolution in time of
a network, one is often interested in comparing the networks
of that set. Such a comparative measure can provide a way
to inspect the relations that the networks themselves have between each other and provide clues about their interactions
and evolution.
However, it is unclear which measure is more appropriate
for comparing two or more networks. For example, it is difficult to compare two networks when the number of nodes is
di↵erent or more generally, when we lack a correspondence between the nodes of one network and the nodes of the other. In
the past researchers have compared global statistics of some
particular attribute of the networks such as their clustering
coefficient, their mean degree, or their average shortest path
length. However, these approaches miss important information encoded in the graphs. Ideally one would like to compare
di↵erent networks with a measure that takes into account their
internal structures of distance/similarity between their respective internal nodes. In other words, one would like to come up
with a measure of distance between the set of distances defined
inside each network.
In this work we capitalize on the recent development by
F. Memoli of using optimal transportation distances for the
problem of object matching (comparing 3D shapes) in computer vision [1]. In particular, Memoli derived a computationally feasible bound for the Gromov distance (a metric distance between metric spaces) named Gromov-Wasserstein distance (dGW ) and applied it to the problem of shape matching [1, 2]. Intuitively, the Gromov-Wasserstein distance aims
to solve a certain graph isomorphism problem by finding an optimal mapping (not necessarily one-to-one) between two sets
of nodes such that their respective distances are best preserved
by the map. The deviation from a perfect isomorphism is related to the distance between the two objects.
After describing a numerical method to estimate the
Gromov-Wasserstein distance for pairs of undirected graphs
we proceed to validate the measure with toy cases (see Fig. 1
for an example on yearly networks of world trade flows) and
well-known families of complex networks. Finally, we apply
Gromov-Wasserstein distances in combination with dimensionality reduction methods to visualize and explore the structure
of several real-world sets of networks, including applications
to biological networks.

FIG. 1. Matrix of Gromov-Wasserstein distances between pairs of
networks (a di↵erent network is computed for every year) of world
trade flows from 1962 to 2000. Top panel: matrix of pairwise distances ((dGW )). Bottom panel: 2d embedding of the distance matrix ((dGW )) using t-SNE. Numbers 62-99 represent years 19621999. Number 00 represents year 2000.

[1] F. Memoli, Foundations of Computational Mathematics 11, 417487 (2011).
[2] F. Memoli, Axioms 3, 335-341 (2014).
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Abstract
The structure of a sentence can be represented as a network where
vertices are words and edges indicate syntactic dependencies. In this network, the space is defined by the linear order of words in the sentence. The
number of crossings of real sentences is related to the computational complexity of language. Interestingly, crossing syntactic dependencies (edges
that cross when drawn above the sentence) have been observed to be infrequent in human languages. Recently, the number of crossings has been
shown to be significantly small with respect to uniformly random permutations of the word sequence. This leads to the question of whether the
scarcity of crossings in languages arises from an independent and specific
constraint on crossings. We provide statistical evidence suggesting that
this is not the case, as the proportion of dependency crossings of sentences
from a wide range of languages can be accurately estimated by a simple
predictor based on a null hypothesis on the local probability that two dependencies cross given their lengths. The relative error of this predictor
never exceeds 5% on average, whereas the error of a baseline predictor
assuming a random ordering of the words of a sentence is at least 6 times
greater. Our results suggest that the scarcity of crossings in natural languages is neither originated by hidden knowledge of language nor by the
undesirability of crossings per se, but as a mere side e↵ect of the principle of dependency length minimization, namely the minimization of the
Euclidean distance between linked words. We will review the statistical
support for such a principle and the mathematical theory of crossings that
we have developed to reach the conclusions above.
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A CONTINUUM PERCOLATION FRAMEWORK FOR HYPERBOLIC
NETWORK GEOMETRY
NIKOLAOS FOUNTOULAKIS AND TOBIAS MÜLLLER

The study of the structure of complex networks has motivated the quest for a hidden
or underlying geometry in a network. Such a geometry is thought to determine the typical structure of the network both at a local and a global scale. In this contribution,
we consider a model that was introduced recently by Krioukov, Papadopoulos, Kitsak,
Vahdat and Boguñá in [2], which we abbreviate as the KPKVB-model after its inventors.
This model relies on the assumption that the underlying geometry of a complex network
that encompasses its hidden hierarchies is that of the hyperbolic plane. In fact, fundamental properties of complex networks such scale-freeness and clustering turn out to be
realisations of the underlying hyperbolic geometry.
More specifically, the model has three parameters: the number of vertices n and ↵, ⌫ > 0
that do not depend on n, which is the parameter that tends to 1. Given n, ⌫, ↵, we set
R := 2 log(n/⌫). Consider the hyperbolic plane H2 and a disc DR ⇢ H2 of (hyperbolic)
radius R. Therein, we select n points independently at random, according to the following
probability distribution. If the random point u has polar coordinates (r, ✓), then ✓, r are
independent, ✓ is uniformly distributed in (0, 2⇡] and r follows the quasi-uniform districosh(↵r) 1
bution with parameter ↵ whose cumulative distribution function is F↵,R (r) = cosh(↵R)
.
1
Note that when ↵ = 1, this is the uniform distribution.
In [1], we develop a probabilistic framework for the study of the component structure of
the KPKVB-model. In particular, we approximate the above random geometric graph by
a (sub)graph of a continuum percolation model on the upper half-plane. More specifically,
given an inhomogeneous Poisson point process P↵, in the upper half of the (euclidean)
plane with density · e ↵y , we define a graph (P↵, ) on P↵, by joining two points
1
0
p = (x, y), p0 = (x0 , y 0 ) if and only if |x x0 | < e 2 (y+y ) .
Setting = (⌫) appropriately, we show that the above infinite model (restricted in
a certain subset of the upper half-plane) is a tight approximation of the KPKVB-model.
The quantity that plays a key role on the component structure of the KPKBV-model is
the probability ✓(y) that a given point p = (x, y) 2 P↵, belongs to an infinite cluster of
(P↵, ). It turns out that when ↵ > 1 we have ✓(y) = 0 for any y > 0 whereas if ↵ < 1
then ✓(y) > 0, for all y > 0. When ↵ = 1, then this depends on . Furthermore, if |Lk |
denotes the number of vertices of the kth largest component in the KPKBV-model, then
Z Z
|L1 | p
!
✓(y)e ↵y dydx,
n
p

whereas |Ln2 | ! 0. In other words, when ↵ crosses the critical value 1, a giant component
emerges in the KPKBV-model.
References

[1] Fountoulakis, N. and Müller, T., Law of large numbers in a hyperbolic model for complex
networks. Ann. Appl. Prob., to appear. (URL: arXiv:1604.02118)
[2] Krioukov, D., Papadopoulos, F., Kitsak, M. Vahdat, A. and Boguñá, M. (2010). Hyperbolic
geometry of complex networks. Phys. Rev. E (3) 82(3) 036106.
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Multiscale unfolding of real networks by geometric renormalization
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Renormalization has proven to be a very powerful tool for
a systematic investigation of systems–from condensed matter to quantum field theory–as viewed at different scales. In
the field of complex networks, some topological renormalization schemes based on shortest paths between nodes have
been proposed in the past [1]. However, the collection of
shortest-path lengths, albeit a well-defined metric space, is a
poor source of length-based scaling factors in networks due
to their homogeneity and the small-world property.
We present empirical evidence that real-world complex
networks are invariant under geometric length scale transformations when embedded in an underlying hidden metric space. We prove analytically [2] that the embedding
model [3, 4] is also renormalizable in the same framework
and take it as new evidence supporting our conjecture that
hidden metric spaces underlie real networks. The congruency between real networks and the geometric model enables to define a multiscale unfolding of complex networks
that allows the study of their self-similarity properties.
As applications, this geometric renormalization scheme
yields a natural way of building smaller-scale replicas of
real networks while simultaneously preserving their statistical properties, which can be extremely useful in the study of
dynamical processes on large networks. The hidden metric
space renormalization group can also be applied to design
a new greedy routing protocol in hyperbolic space which
exploits the multiscale unfolding of complex networks increasing the success rate of single-scale versions.
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Krioukov, Nature 489, 537 (2012).

0.8
0.6

h⇢i

[1] C. Song, S. Havlin, and H. A. Makse, Nature 433, 392 (2005).

0.4

RG step:
RG step:
RG step:
RG step:
RG step:
RG step:
RG step:

0.2
0.0
0.0

0.5

1.0

1.5

0
1
2
3
4
5
6

2.0

Figure 1: Geometric renormalization of the Internet AS
network. The plots compare the networks obtained from the
geometric renormalization transformations. At every renormalization step, the number of nodes is reduced by a factor
2. Top: Rescaled complementary cumulative degree distributions. Middle: Rescaled clustering coefficient spectra.
Bottom: Average prevalence as a function of the infection
rate in the SIS dynamics on the original network and its
smaller-scale replicas.
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Many complex systems found in nature, technology and science can be represented as networks.
Most real and engineered systems, including transportation infrastructure, are embedded in space
and interact with one another in a variety of ways. To study such multi-layer spatially embedded
networks systematically, it is necessary to develop a precise mathematical representation for them.
In this work, a novel general multi-layer spatially embedded random network model is presented that
can be used to model such complex systems. In the development of this model, concepts from spatial
statistics and graph theory are used to map complex systems with interdependent subsystems to
a simplified and condensed mathematical representation. The developed model combines Markov
marked point processes for vertex creation, which accounts for spatial distribution, layer assignment,
and clustering e↵ects of the vertices, and a hybrid connection model for the edge creation.
To test the capabilities of, and gain insights with respect to, a real-world network, the model was
used to model a complex infrastructure system, comprised of the power grid and road network
of Switzerland. It was found that, even with very simple assumptions, topological properties
could be estimated reasonably well. For example, the relative error of approximating the average
clustering coefficient, the average shortest path length, the degree assortativity and the diameter,
were 7.92%,1.22%, 0.43%, and 2.9% respectively.
The work presented here is a useful first step towards the improved understanding of real-world
spatial networks, as it enables the generation of di↵erent realizations of the same multi-layer network. This is useful to take into consideration uncertainties in network properties, in situations
where it is too difficult to model the network directly or only incomplete or non information is
available.

Figure 1: Realization of a MLSERN.
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Topology and curvature of brain functional networks
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Network geometry has been very successful recently in
highlighting how real or latent spaces that underlie real
networks can provide insights on their organizing principles and on their e↵ects on dynamical processes [1].
While well-behaved latent spaces are usually required
for modeling [2], recent work on growing simplicial complexes [3] has shown that there is a rich interdependence
between the geometrical and the (potentially non-trivial)
topological structure of networks.
Over the last decade a set of tools, dubbed topological
data analysis (TDA), has emerged that allows to complement the statistical network properties with observables based on the network’s algebraic topological structure [4]. In particular, these tools stem from augmenting
standard measures between nodes with higher order relations, and focus on extracting and understanding the
shape of data at the mesoscopic scale [5]. In this contribution we leverage TDA and a recent geometric curvature
measure [6], to investigate how and to what extent the
topological and network geometrical structure of brain
functional networks are related to each other. In particular, we analyse the homological structure of functional
connectivity of the human brain under the e↵ect of two
di↵erent psychedelic drugs, psilocybin [7] and LSD [8]
via persistent homology, which captures network topol-

[1] Kleineberg, Kaj-Kolja, et al. ”Hidden geometric correlations in real multiplex networks.” Nature Physics 12.11
(2016): 1076-1081
[2] Papadopoulos, F., Kitsak, M., Serrano, M. A., Boguñá,
M., & Krioukov, D. (2012). Popularity versus similarity in
growing networks. Nature, 489(7417), 537-540.
[3] Wu, Z., Menichetti, G., Rahmede, C., & Bianconi, G.
(2015). Emergent complex network geometry. Scientific reports, 5.
[4] Herbert Edelsbrunner and John Harer. Contemporary
mathematics, 453:257282, (2008).
[5] Afra Zomorodian and Gunnar Carlsson. Discrete & Com-

⇤

ogy without requiring any embedding. Roughly speaking, persistent homology highlights the heterogeneity and
disconnections in the fabric of a network thus encoding
brain functional cycles, which can then be represented
again in network form as homological sca↵olds [9]. We
find that in the LSD and psilocybin cases the overall
topological properties are very similar to the respective
placebo controls. However, we find modulations of the
corresponding sca↵olds that support the presence of a
functional local reorganization (stronger in the case of
psilocybin). That is, generally the edges common across
drug and placebo su↵er a strong reduction in their persistence with respect to placebo. On the other hand,
psilocybin causes a strong reorganization of the local
correlational structure. Finally, we compare the topological results with the network geometrical structure as
encoded by a recently proposed measure, obtained from
the Foreman-Ricci curvature [6] which describes quasilocal deviations of the local network geometry from the
Euclidean one, finding that this curvature can account
for short scale topological features but is not able to capture the large scale homological features. In conclusion,
our results highlight in this case a preheminent change
in topology that is then followed by a change in the differential structure, strengthening previous observations
that brain altered states originate in large-scale reorganization of the brain functional connectivity.

putational Geometry, 33(2):249–274, (2005).
[6] Weber, M., Saucan, E., & Jost, J. (2017). Characterizing complex networks with Forman-Ricci curvature and
associated geometric flows. Journal of Complex Networks,
cnw030.
[7] Carhart-Harris, Robin L., et al. Proceedings of the National Academy of Sciences 109.6 (2012).
[8] Carhart-Harris, Robin L., et al. Proceedings of the National Academy of Sciences 113.17 (2016).
[9] Giovanni Petri et al. Journal of The Royal Society Interface, 11(101):20140873, (2014).
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Geometric correlations mitigate the extreme vulnerability of multiplex networks against
targeted attacks
Kaj Kolja Kleineberg, Lubos Buzna, Fragkiskos Papadopoulos, Marián Boguñá and M. Ángeles
Serrano
* kkleineberg@ethz.ch

We show that real multiplex networks are unexpectedly robust against targeted attacks on highdegree nodes and that hidden interlayer geometric correlations predict this robustness. Without
geometric correlations, multiplexes exhibit an abrupt breakdown of mutual connectivity, even with
interlayer degree correlations. With geometric correlations, we instead observe a multistep
cascading process leading into a continuous transition, which apparently becomes fully continuous
in the thermodynamic limit. Our results are important for the design of efficient protection strategies
and of robust interacting networks in many domains.
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Popularity and Similarity in SAT
Jordi Levy
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Satisfiability of propositional formulas in disjunctive normal form (SAT) is a fundamental problem in computer science. SAT was the first problem proved to be NP-complete,
and defines this class of complexity (roughly speaking, problems that can be solved guessing a possible solution, and checking it in polynomial time). Whether P (the class of
problems solvable in polynomial time) and NP are equal is probably the most significant
open question in computer science, and it is included the Millennium Prize Problems.
Besides its theoretical interest, SAT has also a practical interest. Many real-world
problems in distinct areas as circuit verification, software verification, planning, scheduling,
optimization, etc... may be efficiently reduced (translated) into SAT. Unless P=NP, the
best algorithms to solve SAT will need exponential time, in the worst case. Paradoxically,
a community of computer scientist have been able to develop SAT solvers able to solve in a
few seconds real-world (or industrial) problems with thousands of variables and millions of
clauses (constraints). The explanation relies in the structure of these real-world problems.
We can represent this structure as a bi-partite graph (or network) where nodes are variables
and clauses, and every edge represents the presence of a variable in a clause.
Every year, the SAT community celebrates competitions where SAT solvers are evaluated on hundreds of SAT benchmarks coming from distinct industrial areas. This has
contributed to improve the performance of SAT solvers, many times following an strategy
of trial-and-error. We have analyzed the structure of SAT problems included in these
benchmarks, trying to characterize the properties that make them easy for SAT solvers.
We found that most problems have a scale-free structure (in both variable and clause
nodes). However, most theoretical result on random SAT assume a uniform probability
distribution for variables and clauses. We also found that the modularity of real-world
problems is very high. In fact the modularity of a problem is now used as a predictor for
the hardness of a problem. Many real-world SAT problems are also self-similar with a low
fractal dimension.
Considering the scale-free structure of real-world SAT problems, a natural strategy
could be assigning first the variables that occur more frequently. This would reduce the
size of the problem significantly. Although, variants of this strategy were used in the
past, nowadays modern SAT solvers use strategies that try to focus the search inside an
area of the problem. We use the hyperbolic geometric network model to generate random
SAT problems, and analyze the behavior of most efficient SAT solvers on them. We
show that modern SAT solvers exploit, not only the popularity of variables, but also its
similarity. This way, they focus the instantiation of variables to those that are closer and
most popular, the ones that are more promising in order to reflect before an incoherence
and prune the search more efficiently.
Keywords: SAT, Constraint Solving, Hyperbolic Geometric Networks.
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Complex networks tools for investigating large-scale atmospheric phenomena
Cristina Masoller
Universitat Politecnica de Catalunya, Departament de Fisica,
Colom 11, Terrassa, Barcelona, Spain
email: cristina.masoller@upc.edu
web page: http://www.fisica.edu.uy/~cris/

Climate networks defined over a regular grid of geographical locations (nodes) covering the
Earth surface, constructed from the analysis of statistical inter-dependencies of climate timeseries, have yield new insights into large-scale patterns of climate variability. In this talk I will
discuss climate networks constructed by using different tools, such as Hilbert analysis and
Granger causality. I will also present two techniques for uncovering the underlying community
structure of a climate network: the first one is based on identifying mutual lags among timeseries of climatic variables recorded at the nodes, while the second one is based on performing
a statistical similarity analysis of the symbolic dynamics at the nodes. These methods extract
meaningful regional communities, which capture different aspects of large-scale atmospheric
phenomena.
References
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Transportation networks from archaeological evidences: the benefits of a simple model
Ignacio Morer, Luce Prignano, Sergi Lozano, Francesca Fulminante, Albert Diaz-Guilera
Formal network approaches have been successfully applied to study a wide variety of aspects of
past societies. Topics as diverse as the transmission of ideas, the movement of people and objects
or maritime connections were examined by the analysis of networks built from historical and
archaeological sources.
Among the different types of archaeological networks, our focus is on transportation networks. This
sort of spatial networks is composed by sets of geolocalized nodes (settlements, sites) connected
by weighted links (terrestrial routes). We want to investigate the mechanisms linking decision
making processes and the structure of transportation networks by means of network modeling, with
the aim of shedding new light on the political and social dynamics between the cities.
We started with two paradigmatic examples of neighboring regions in contemporary periods [1,2].
Their transportation networks present high levels of efficiency, understood as the sum of the global
and local efficiencies defined in [3]. We devised a simple model that recreates the empirical
networks’ properties accurately. It takes the positions of the nodes as input and the total link length
of the empirical system as the stopping condition. The model prioritizes those links that shorten
long paths while wasting little resources.
Our synthetic and empirical networks present higher levels of global and local efficiency compared
to many other spatial graph models. A formal study of the model is required in order to understand:
•

To what extent such structural properties depend on the node layout.

•

Whether there exist models with better performance.

•

What is the role of the total link length and the size of the system.

We present numerical results of the simulations run on square random layouts for different number
of nodes and links. The preliminary results show that, despite its simplicity, our model lies close to
more sophisticated models designed to have an optimal efficiency.
[1] Prignano, L., Morer, I., Fulminante, F., and Lozano, S. (2016). Modelling terrestrial route
networks to understand inter-polity interactions. A case-study from Southern Etruria.
arXiv:1612.09321 [physics.soc-ph]
[2] Fulminante, F., Prignano, L., Morer, I., and Lozano, S. (2017). Coordinated decisions and
unbalanced power. How latin cities shaped their terrestrial transportation network. Front. Digit.
Humanit. 4:4. doi:10.3389/fdigh.2017.00004
[3] Vragović, I., Louis, E., and Diaz-Guilera, A. (2005). Efficiency of informational transfer in regular
and complex networks. Physical Review. E, Statistical, Nonlinear, and Soft Matter Physics 71:
036122. doi:10.1103/PhysRevE.71.
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Geometry, criticality, and renormalization group analysis of
networks
Asher Mullokandov, Mauricio Barahona, H. Eugene Stanley
It has become increasingly clear that geometry plays a crucial role in understanding
the structure of networks, complementing traditional tools from statistical physics and
computer science. In the network theory context there are well known geometric perspectives on graph structure, for example on trees and hyperbolic metric spaces, and on
how certain topological features of real world networks and random graph models may
be explained by considering a representation of networks embedded in an underlying hyperbolic space. In our work, we describe novel connections between network structure,
the statistical physics of coarse graining, and several unexpected geometric structures
that emerge from considering such coarsenings. In this talk we will describe a novel
renormalization group based framework for coarse graining weighted networks which can
be applied to various questions, including network partitioning and sparsification. Furthermore, we suggest how this framework can be used to relate metric properties of the
network, encoded in its spectral features, to other geometric structures naturally associated to the renormalization group flow—specifically the geometry around critical points,
and the statistical metric distance between associated distributions along the flow.
Renormalization group methods have been applied to graphs, but have traditionally
been executed in position space, with nodes successively combined according to some rule
to form supernodes. Our framework instead works in “momentum space” and employs
tools from field theory to eliminate frequency modes of appropriately chosen operators
(eg, the Laplacian in the most simple case), outside a particular scale, while preserving
chosen properties. We derive a representation of the reduced network with similar spectral properties, from which we can extract features that are provably retained from the
original network—such as graph partitions, commute time distances, and other features
of dynamical processes on graphs. Moreover, by introducing, for example, incremental
and parameterized connectivity perturbations to our original network description we can
analyze the induced RG flow in the space of parameters and investigate the existence
of fixed points of the transformation. We also show how to associate a Riemannian
metric—the Fisher metric—to the parameter space of perturbations which modify the
original network; this metric is a measure between configuration probability distributions
associated to the original and reduced network topologies. In addition, the enhancement
of symmetries at fixed points enables in principle the identification of yet another geometric structure in this vicinity—a metric which is given by the covariance matrix of
perturbations. When the perturbations induce a flow in parameter space between network descriptions with scale invariance, we argue that the metric in the vicinity of a fixed
point is directly related to the Fisher metric between distributions. This provides a novel
understanding of the hidden geometries that emerge from changing network structure,
as well as new geometric perspectives on the statistical physics analysis of criticality in
networks.
Furthermore, our framework very naturally incorporates analysis of an underlying
manifold to which a network may be associated, either as a discretization or embedding, or via an alternative mapping. This is done by relating the spectral properties
of di↵erential operators that act on functions on the graph to geometric properties of
the associated manifold. We also connect our work to various dimensionality reduction
methods developed to identify geometric structure in large data sets.
1
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Crawling in crowed conditions allows to reconstruct the network structure
Timoteo Carletti1 , Malbor Asllani1 , Francesca Di Patti2 , Duccio Fanelli2 and Francesco Piazza3

2
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naXys, Namur Institute for Complex Systems, University of Namur, Belgium
Dipartimento di Fisica e Astronomia, Università degli Studi di Firenze and INFN, Sezione di Firenze, Italy
3
Centre de Biophysique Moléculaire, CNRS-UPR 4301, Université d’Orléans, France

Di↵usion is one of most studied problem in nature. It investigates the transport phenomena due the spontaneous
spreading of mass in a given domain. The first empirical description of this process was formulated as the Fick law
of di↵usion [1]. Successively, thanks first to Einstein [2] and then to Smoluchowski [3], the di↵usion process was
analytically modelled on the basis of previous brownian motion observations [4].
From then on, di↵usion-like processes were applied to many areas, from physics to biology [5-7]. Moreover in the
last years, attention has been focused on the dynamics of particles on specific discrete mediums, namely the complex
networks. This interest rises from the similarity between the topological properties of these structures and those
characterizing real life phenomena, such as cell compartments or traffic flow [8]. Networks have nowadays a central
role in the modelling of physical problems, and thus the di↵usion on such environments has become an emergent
field of investigation [12-15]. Most of the studies done in this area focussed on the detection of community structures
[13, 14], or on the prediction of stationary patterns [11], and the problem of di↵usive epidemic process in a crowded
environment [10].
In this work, we make one step forward by studying the simultaneous di↵usion of several random walkers on a
complex network in a crowded regime. More precisely, each individual crawler sitting on a node obeys the standard
rules of random walk, jumps to distance 1 nodes are equiprobable, however each node can account for only a finite
number of walkers, namely it posses a finite carrying capacity. This implies that the transition probability from one
node to another takes also into consideration the quantity of free available volume in the destination nodes.
Starting from this microscopic formulation, we derive a di↵usion equation characterized by a transport operator
that di↵ers from the standard random-walk Laplacian matrix, notably for the presence of nonlinear terms involving
products of the density of walkers. This di↵erence is directly reflected in the stationary solution: the asymptotic
concentration of crawlers in each node is no longer proportional to the degree of the node itself but it is given by a
nonlinear function of the degree. We derive an analytical formula for such solution valid for any crowding conditions
and which returns the classical random walk distribution in the case of diluted systems, namely once the number of
crawlers is very small with respect to the available volume.
We conclude by presenting a main application of the previous theory devoted to reconstruct the unknown network
topology upon which the crawlers move. We are indeed able to calculate the nodes degrees moments < k s > for
all the orders s and consequently reconstruct the degree distribution p(k). Using the information on the degree of a
single node and repeating s independent experiments involving di↵erent numbers of crawlers (whatever the crowding
conditions), allow us to to obtain the first s moments < k >, < k 2 >, . . . , < k s >. We successfully tested our method
in both synthetic networks but also in realistic ones (C. Elegans neural network and the “karate club” network).
References
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[5] Bouchaud R. and Georges A., Phys. Rep., Vol. 195 (1990), p. 127.
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[8] Barrat A., Barthélemy M. and Vespignani A., Dynamical Processes on Complex Networks, 1st ed. (Cambridge
University Press, Cambridge) (2008)
[9] Nakao F. and Mikhailov A.S., Nat. Phys., Vol. 6 (2010), p. 544.
[10] Kwon S. and Kim Y., Phys. Rev. E, Vol. 84 (2011), p. 041103.
[11] Angstmann C.N., Donnelly I.C. and and Henry B.I., Phys. Rev. E, Vol. 87 (2013), p. 032804.
[12] Almaas E., Kulkarni R.V. and Stroud D., Phys. Rev. E, Vol. 68 (2003), p. 056105.
[13] Simonsen I., Eriksen K.A., Maslov S. and Sneppen K., Physica A, Vol. 336 (2004), p. 163-173.
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Generalized network structures:
The configuration model and canonical ensemble of simplicial complexes
By Owen Courtney and Ginestra Bianconi
School of Mathematical Sciences, Queen Mary University of London, E1 4NS,
London, UK
Simplicial complexes are generalized network structures able to encode the many-body
interactions occurring between more than two nodes. They are emerging as a new tool to
describe complex networks with large clustering coefficients and abundant numbers of short
loops and have already been used to describe a large variety of complex interacting systems
ranging from brain networks, to social and collaboration networks. They are also ideal
mathematical objects for the discretization of geometry [1] as is demonstrated by their wide use
in the context of quantum gravity and so they may also open up new scenarios for uncovering
the hidden geometry of complex networks.
Our work [2] includes a fully statistical mechanical characterization of the configuration model of
simplicial complexes. In particular we are able to compare properties of this ensemble with
those of its conjugated canonical ensemble, which corresponds to an Exponential Random
Simplicial Complex with given expected generalized degrees of the nodes.
We are able to evaluate and compare the entropy of these two ensembles. The entropy
evaluates the logarithm of the number of typical simplicial complexes belonging to each of the
ensembles. This study shows that the two ensembles are not asymptotically equivalent, and
opens up new scenarios for solving inference problems on simplicial complexes.

References
[1] G. Bianconi, EPL 111 56001 (2015).

[2] O. T. Courtney and G. Bianconi. Phys. Rev. E 93, 062311 (2016).
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Microscopic Properties Drive Large Fluctuations in the
Algebraic Connectivity of Random Geometric Graphs
Matthew Garrod and Nick S. Jones
Department of Mathematics, Imperial College London, United Kingdom
June 15, 2017
The study of complex networks often involves analysing the properties of ensembles of random
graphs. In many cases it is assumed that the ensemble averages of network properties are representative of the properties of individual ensemble members. However, previous studies have found
that in some network ensembles certain spectral properties can exhibit large fluctuations relative
to their mean [1]. This indicates that the properties of individual ensemble members may not be
well represented by the mean of the ensemble. In this study we show that these large fluctuations
can be observed in ensembles of Random Geometric Graphs (RGGs), which are commonly used to
model random graphs with spatial constraints. We focus on the statistical properties of a metric
known as the algebraic connectivity, µ2 . The algebraic connectivity is important in the study
of dynamical processes, such as diﬀusion and synchronisation, on networks as well as being an
important metric for the robustness of networks.
We can construct an RGG consisting of N nodes as follows: firstly we sample positions Xi
for i = 1, ..., N from a uniform distribution in the unit hypercube [0, 1]d . Following this, we then
connect two nodes i and j if |Xi Xj |  R, where |Xi Xj | represents the Euclidean distance
between nodes i and j and R is the connection radius. Fixing N , R and d allows us to define
an ensemble of RGGs, which will have an associated distribution of algebraic connectivity values,
P (µ2 ). We perform numerical simulations in order to determine how the form of P (µ2 ) for RGG
ensembles depends on the model parameters. We find that the algebraic connectivity distribution
for low dimensional RGG ensembles (d = 2, 3) is typically of low variance, whereas, in higher
dimensional RGGs (d
5) the algebraic connectivity distribution can show large fluctuations
about its mean and multimodal behavior. The diﬀerent modes in the distribution are associated
with microscopic properties of ensemble members such as the minimum degree of the network.
Furthermore, fluctuations in the algebraic connectivity can still be relatively large (of the order
10%) for RGG ensembles with a large number of nodes.
The presence of large fluctuations in network properties of RGGs implies that there may be
some predictive advantage in having additional information about the network nodes. One example
of this might be knowledge of the node locations in the embedding space. However, given that
we see large changes in the algebraic connectivity associated with fluctuations in microscopic
properties, the advantage gained may depend on the precision with which the node locations are
known. In some applications of RGGs, such as in the deployment of wireless communications
networks, the node locations may be known with high precision. Furthermore, the fact that well
studied metrics, such as the algebraic connectivity, can be sensitive to the microscopic details of
the network structure means that care should be taken when using them as summary statistics in
the study of both empirically observed networks and ensembles of random graphs.

References
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Geometric evolution of complex networks
Charles Murphy*, Antoine Allard, Edward Laurence, Guillaume St-Onge and Louis J. Dubé
* charles.murphy.1@ulaval.ca

In growing networks, preferential attachment (PA) is a probabilistic mechanism often argued to
explain the scaling behaviour of the degree distribution of many real complex networks. However,
PA-based models lack the assortativity (or disassortativity) present in most complex networks,
forcing us to consider other types of effective growth mechanisms. We present a novel type of
growing model where new nodes arrive at time t and where the nodes with which they form new
links are chosen homogeneously among all existing nodes, in sharp contrast with the PA
prescription. We find that this homogeneous distribution of the links has an interesting geometric
interpretation: it gives rise to growing geometric graphs with time-dependent Fermi-Dirac
connection probability
Pr[i<->j, t] = {exp[beta/2 (d_ij - mu(t))] + 1}^-1
where mu(t) is a general time-dependent chemical potential function, beta is an inverse
temperature controlling the clustering coefficient and d_ij is the distance between nodes i and i
embedded in an isotropic and homogeneous geometric space. Interestingly, this model is
considerably more tractable than PA-like models in terms of calculating the structural properties of
the generated networks. Moreover, we find that mu(t) can be chosen to fit a given degree
distribution and that the order of appearance of the nodes in the network's evolution, its history,
affects the structure of these networks at the level of the connection correlations. An effective
history can then be inferred with a maximum likelihood estimation method to better describe a real
network structure, allowing us to capture their assortative (disassortative) behaviour.
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Modelling non-uniform hyperbolic geometry in complex networks
{The talk is related with an article that we will submit this week to ArXiv:
A nonuniform popularity-similarity optimization (nPSO) model to efficiently generate realistic
complex networks with communities.}
Alessandro Muscoloni and Carlo Vittorio Cannistraci
Biomedical Cybernetics group, Technical University Dresden, Germany
The hidden metric space behind complex network topologies is a fervid topic in current network
science and the hyperbolic space is one of the most studied, because it seems associated to the
structural organization of many real complex systems. The Popularity-Similarity-Optimization
(PSO) model simulates how random geometric graphs grow in the hyperbolic space,
reproducing strong clustering and scale-free degree distribution, however it misses to reproduce
an important feature of real complex networks, which is the community organization.
The Geometrical-Preferential-Attachment (GPA) model was recently developed to confer to
the PSO also a community structure, which is obtained by forcing different angular regions of
the hyperbolic disk to have variable level of attractiveness. However, the number and size of
the communities cannot be explicitly controlled in the GPA, which is a clear limitation for real
applications.
Here, we introduce the nonuniform-PSO (nPSO) model that – differently from GPA - forces
heterogeneous angular node attractiveness by sampling the angular coordinates from a
nonuniform distribution created as a mixture of desired distributions, for instance a mixture of
Gaussians. The nPSO differs from GPA in other three aspects: it allows to explicitly fix the
number of communities; it allows to tune their mixing property and internal node similarity
distribution; it is efficient to generate networks with high clustering.
After several tests we propose the nPSO as a valid and efficient model to generate networks
with communities in the hyperbolic space, which can be adopted as a realistic benchmark for
evaluation in different tasks such as community detection and link prediction.
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Efficient navigation of temporal networks embedded in hyperbolic metric spaces
Elisenda Ortiz*, Michele Starnini and M. Ángeles Serrano
* elisendaortiz@gmail.com

A crucial task that many complex systems conduct is the transport of information. However, the
mechanisms governing the optimal navigation of time-evolving networks remain largely unknown. It
has been shown [1] that embedding network topologies into hidden metric spaces can assist
navigation, as the distances defined in the underlying geometry can be used to implement a
greedy forwarding strategy. Here, we analyze the efficient navigation of five empirical networks,
embedded in hyperbolic metric spaces and subject to a random activation-inactivation dynamics of
their nodes. We find the dynamic changes in the topologies contribute to an increase in the number
of successful paths, which means the success rates achieved by temporal networks outperform the
static ones. Specifically, sufficiently long lived information packets show there exists an optimal
activation value, which gives the best trade-off between the increase in the number of successful
paths and the unavoidable increase in their length. Our findings indicate that navigation
performance is strongly correlated with the activity of densely connected nodes. Yet, the enhanced
navigability is robust, even when the most connected nodes activate with low probability. These
findings have important implications in the development of better routing protocols that account for
the evolving nature of complex networks.
[1] Boguñá, M., Krioukov, D. & Claffy, K. Navigability of complex networks. Nature Physics 5, 74–
80 (2009).
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Geohyperbolic routing and addressing schemes
Ivan Voitalov*, Rodrigo Aldecoa, Lan Wang, Dmitri Krioukov
* i.voitalov@northeastern.edu
The key requirement to routing in any telecommunication network, and especially in Internet-ofThings (IoT) networks, is scalability. Routing must route packets between any source and
destination in the network without incurring unmanageable routing overhead that grows quickly
with increasing network size and dynamics. Here we present an addressing scheme and a coupled
network topology design scheme that guarantee essentially optimal routing scalability. The FIB
sizes are as small as they can be, equal to the number of adjacencies a node has, while the
routing control overhead is minimized as nearly zero routing control messages are exchanged
even upon catastrophic failures in the network. The key new ingredient is the addressing scheme,
which is purely local, based only on geographic coordinates of nodes and a centrality measure,
and does not require any sophisticated non-local computations or global network topology
knowledge for network embedding. The price paid for these benefits is that network topology
cannot be arbitrary but should follow a specific design, resulting in Internet-like topologies. The
proposed schemes can be most easily deployed in overlay networks, and also in other network
deployments, where geolocation information is available, and where network topology can grow
following the design specifications.
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Sizing the length of small-world networks
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How small or how large is a complex network? In the physical world we define reference metric systems in
order to quantify the size of objects. These metric systems also allow us to compare objects with each other
by contrasting them to a common reference. However, when dealing with complex networks the same logic is
not always suitable because every network is a metric space of its own whose properties are strongly bounded
by its number of nodes N and its number of links L (or density ⇢).
The small-world phenomenon is surely the most striking and popular property of complex networks, real
and synthetic. Discovered in the social sciences, it stands for the observation that any two randomly selected
persons (nodes) on earth (the network) are connected by a short chain of social contacts. Despite its significance, a quantitative determination of how short or how long a network is compared to others, has remained
unresolved. Typically, two networks are compared to each other by contrasting their average pathlength to
the pathlength of external network models, e.g. random graphs. By doing so, we are not comparing the
networks to a unique benchmark, but to two benchmark networks each with their own N and L.
In order to establish a universal reference framework under which the length of networks can be evaluated
and compared, we have identified the upper and the lower boundaries for the average pathlength of complex
networks. Given any network, directed or undirected, of arbitrary size and density we calculate the shortest
and the longest average pathlength that a network of the same N and L could possibly take. For practical
applications when the networks are sparse below percolation, we also identify and calculate the upper and
lower boundaries for the efficiency of networks (directed and undirected) of arbitrary N and L. These
boundaries are characterised by particular network topologies which we name as ultra-short and ultra-long
networks. Applied to network models, we find that all network models become ultra-short at a sufficiently
large density. The critical density at which this happens depends on the characteristics of the model. We also
compare empirical networks of three domains: neural, social and transportation networks. We find that brain
connectomes are the shortest systems of all. They are quasi-optimal, meaning that it is almost impossible to
reduce their pathlength (or increase their efficiency) by altering their network structure. Brain connectomes
are followed by social networks, while the length of transportation networks remains far from their optimal
minima.

a) Electronic

mail: gorka@Zamora-Lopez.xyz

32

Topological resilience in non-normal networked systems [1]
Malbor Asllani and Timoteo Carletti
Department of Mathematics & naXys, Namur Institute for Complex Systems, University of Namur

The network of interactions in complex systems, strongly influences their resilience, the
system capability to resist to external perturbations or structural damages and to promptly
recover thereafter. The phenomenon manifests itself in di↵erent domains, e.g. cascade failures
in computer networks or parasitic species invasion in ecosystems. Understanding the networks
topological features that a↵ect the resilience phenomenon remains a challenging goal of the
design of robust complex systems. We prove that the non-normality character of the network of
interactions amplifies the response of the system to exogenous disturbances and can drastically
change the global dynamics (panel (b)). We provide an illustrative application to ecology
by proposing a mechanism to mute the Allee e↵ect (panel (c) red curve vs. blue one), the
phenomenon according to which for initial low densities the species is not able to survive (panel
(a)). This manifestation of unexpected species invasion eventually describes a new theory
of patterns formation involving a single di↵using species (panel (d)) inspired by a transient
instability principle.
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Modelling railway networks to understand the relationships among central and peripheral
places
Lluc Font*, Ignacio Morer, Sergi Lozano and Luce Prignano
* llucfpomarol@gmail.com

Historically, railway networks have played a key role in regional development. For instance, the
connectivity of a region within such networks affects its long-term capability to cope with changing
socio-economic scenarios. Given this huge impact of train connections over the territory, many
scholars have studied the development of railway networks and, more concretely, the decisionmaking processes defining their structure. Along with other more traditional approaches, Network
Science can provide extremely useful tools to better understand the interplay between
geographical and socio-political factors. In the present study, we explore the potential of such
approach by applying simple spatial network modelling to a specific case-study.
We focus on the railway network in Catalonia: We build a graph where the nodes are geolocalized
and represent cities/towns of relevant importance in the catalan geography, while the links stand
for direct railway connections among them.
Through network modelling, we aim at determining which mechanisms led to build the network the
way it is. We apply a model that could reproduce a network with similar topological properties and
functionality. To do so, we modified a model that was devised for the study of ancient terrestrial
transportation networks (REF). Such model constructs a network starting from the localization of
the nodes and the total distance of railway lines of the actual network as limit condition. To build a
link, the mechanism mimics coordinated decision-making and prioritizes pairs of nodes the highest
need for a connection, that is, pairs with the lowest ratio between their distance and the length of
the existing path through other nodes. However, we introduce a positive bias for larger cities
through a preferential attachment mechanism calibrated by the node populations. By tuning the
model parameter, we obtain networks with encouraging similarities with the original ones. In
particular, this modified model allows to capture both the degree centrality of particular nodes with
special importance in terms of population in the original network and the low connectivity of
peripheral areas.
These preliminary results show how this approach has good potential, calling for further research.
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Hyperbolic Spring Embeddings
Thomas Bläsius, Tobias Friedrich, Maximilian Katzmann
Hasso Plattner Institute, Potsdam, Germany
firstname.lastname@hpi.de
Keywords: spring embedders, hyperbolic space, scale-free networks
Many real-world networks, like social networks or the Internet graph, share common properties
like a power-law degree distribution, a high clustering coefficient and small average distances. It
was shown that these characteristics emerge naturally by assuming that a hyperbolic geometry
underlies these networks [2]. Our aim is to rediscover this underlying geometry, by embedding a
given network into the hyperbolic plane. This is done by inferring a hyperbolic coordinate for each
node (consisting of a radial and an angular component), such that similar nodes are placed close
to each other. More precisely, we want edges to be geometrically short, and non-edges to be long.
In the field of graph drawing, force-directed algorithms, also called spring embedders, are a well
established method to generate embeddings with these properties [1]. One naturally obtains short
edges by applying attractive forces between adjacent vertices and long non-edges by applying
repulsive forces between non-adjacent ones. This technique is, however, typically only used in
Euclidean space. Although there is a natural way to transfer spring embedders to the hyperbolic
plane, the resulting algorithm only works well if all vertices lie within a small disk. This is an
unreasonable restriction as it discards all advantages of the hyperbolic plane due to the fact that a
small disk in hyperbolic space behaves similar to a disk in Euclidean space. In our experiments with
hyperbolic spring embedders, we found that the main issue is a result of the hyperbolic metric:
Geodesic lines between vertices are “bend” towards the origin. Thus, moving a vertex towards
another one along the geodesic line between them typically moves it towards the origin, which
brings it closer to almost all other vertices. As a consequence, even small movements result in
repulsive forces from many non-adjacent vertices, immediately reverting the movement.
In our current research (which is still work in progress) we try to overcome this issue and make
spring embedders applicable to the hyperbolic plane. To this end, we desist from applying forces
along geodesic lines and instead fix the radial coordinates while letting the forces act on the angular
coordinates only. This, however, makes all movements 1-dimensional, which makes it harder for
the spring embedder to escape from local minima. Our approach to overcome this problem is to
embed the given network into 3-dimensional hyperbolic space and fix the radial coordinates. Then
each vertex basically moves on a sphere, which leads to a similar behavior as in the Euclidean
plane. Once the 3-dimensional embedding is stable (left figure), it is flattened by adding forces
that pull all vertices towards a plane (middle figure) and finally transitioned to a 2-dimensional
embedding (right figure). Preliminary experiments on hyperbolic random graphs suggest that the
resulting embedding is close to the ground truth. In order to process larger real-world networks,
more algorithmic engineering is required.

[1] Stephen G. Kobourov. Handbook of Graph Drawing and Visualization, chapter Force-Directed Drawing
Algorithms, pages 543–569. Chapman and Hall/CRC, 2013.
[2] Dmitri Krioukov, Fragkiskos Papadopoulos, Maksim Kitsak, Amin Vahdat, and Marián Boguná. Hyperbolic Geometry of Complex Networks. Physical Review E, 82(3):036106, 2010.
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Analysis of contagion maps on a class of networks
that are spatially embedded in a torus
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We consider complex contagions on ”noisy geometric networks”. These are networks whose nodes are
embedded in a manifold and have both ”geometric edges” that respect the geometry of the underlying
manifold and ”non-geometric edges” that are not constrained by the geometry of the underlying manifold. In
particular, we study a threshold contagion model on a noisy geometric network whose nodes are embedded
in a torus. We investigate the pattern of propagation of the contagion and the extent to which it adheres to the
structure of the underlying torus. Our methods involve using a ”contagion map” to map the network nodes to
a point cloud, which we analyze using tools from computational topology.
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Latent geometry network markers for brain diseases
{For this talk the article of reference is already available in the Arxiv:
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The human brain displays a complex network topology, whose structural organization is widely
studied using diffusion tensor imaging. The original geometry from which emerges the network
topology is known, as well as the localization of the network nodes in respect to the brain
morphology and anatomy. One of the most challenging problems of current network science is
to infer the latent geometry from the mere topology of a complex network. The human brain
structural connectome represents the perfect benchmark to test algorithms aimed to solve this
problem.
Coalescent embedding was recently designed to map a complex network in the hyperbolic
space, inferring the node angular coordinates. Here we show that this methodology is able to
unsupervisedly reconstruct the latent geometry of the brain with an incredible accuracy and that
the intrinsic geometry of the brain networks strongly relates to the lobes organization known in
neuroanatomy. Furthermore, coalescent embedding allowed the detection of geometrical
pathological changes in the connectomes of Parkinson’s Disease patients.
The present study represents the first evidence of brain networks’ angular coalescence in the
hyperbolic space, opening a completely new perspective, possibly towards the realization of
latent geometry network markers for evaluation of brain disorders and pathologies.
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Although simple and useful, standard clustering methods fails to incorporate node metadata, which
is often readily available and can provide new insights and more useful clustering solutions.
Recently, novel clustering methodologies which include node metadata have been introduced,
although they generally assume that the nodes with similar metadata should belong to the same
group. We propose a different approach to incorporating node metadata, inspired by Morse theory
in differential geometry. Instead of assuming homogeneous metadata in a group, we propose an
algorithm, called by us "Morse", that uses metadata to unravel a hierarchical structure. In
particular, we obtain clusters with an underlying (ascending or descending) flow and tree structure
rooted at peak nodes.
We will explain some properties of "Morse" as clustering algorithm from an axiomatic approach,
how it behaves in terms of the LFR benchmark, and current work with molecular biologists on
transcriptomics data for asthma patients.
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